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The approximate construction of attainability sets of control systems with quadratic integral constraints on the controls is
considered. It is assumed that a control system is non-linear with respect to the phase variable and linear with respect to the
variable which describes the controlling action. The approximation of the attainability sets of a control system is accomplished
in several stages. The latter class of controls generates a finite number of trajectories of the system. The trajectories of the system
are then replaced by Euler broken lines. An estimate of the accuracy of the Hausdorff distance between the attainability set and
the set which has been approximately constructed is obtained. © 1999 Elsevier Science Ltd. All rights reserved.

Control systems with integral constraints [1-5] and geometric constraints [6~12] on the control resources
have been considered previously.

1. Suppose a control system is given and its behaviour in the interval I = [¢,, 8] (fo < 6 < ) is described
by the equation

x(t)= f(t,x(1))+ B(t, x(1))- u(?), x(t9) =X (1.1)

where x € R” is the n-dimensional phase vector of the system, u is the r-dimensional control vector,
f(¢, x) is an n-dimensional vector function and B(¢, x) is an (n x r)-dimensional matrix function.
It is assumed that the realizations u(z), ¢ € I of the control u are limited by the constraints

9 2 2
| @ dr=<pg (1.2)

o

where || - || denotes a Euclidean norm and p = 0 is the constraint on the control resources. It is also
assumed that the following conditions are satisfied.

A. The functions f{t, x) and B(¢, x) are continuous with respect to the totality of the variables ¢, x, and
also for any bounded closed domain D C I x R" Lipschits constants L; = L{D) € (0, ») (i = 1, 2) exist
such that

If(t,x')—f(t,x.)us L,Hx' —x.l
I8ce.x") - Bz < s - x|

for any (¢, x*), (t, x«) from D.
B. Constants y; € (0, ) (i = 1, 2) exist such that

re.ol=v0+K), Be.xI=<7Y,

for any (t,x) e I x R".

Here, ||B]|| is the Euclidean norm of matrix B. By a permissible control, u( - ) = {u(?),t € I}, we
mean any quadratically integrable function u( - ) (u( - ) € L;[t,, 8]) which satisfies inequality (1.2). The
class of all permissible controls u( - ) is denoted by U.

By the solution of Eq. (1.1), which corresponds to a control u( - ) e U, we mean the absolutely
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continuous vector function of x(¢), t € I which satisfies this equation almost everywhere in the interval
I

" We shall call the solution of Eq. (1.1), which corresponds to a controlu( - ) € U, the motion of system
(1.1) which is generated by the control u( - ). The set of all motions of system (1.1) corresponding to
all possible u( - )} e U is denoted by X(#,, xg). We assume that

X(t, 19, xp) = {x(2) € R™: x(-) € X(tg, x0)}
Z(tg, x0) = {(t, (1)) € I X R" : x(-) & X(tp, %)}

where X(¢; tg, x) is called the attainability set of control system (1.1) with constraints (1.2) corresponding
to an instant of time f and the set Z(tg, ) is called the integral funnel of system (1.1). It is obvious that
the following equality is satisfied

Z(t()v xO) = {(t' X(t; tO’ XO)) ‘te I}
where we put (£, X) = {(t,x) : x € X}.

For the following arguments, we find the domain D C I x R” in which the integral funnel Z(fo, xo) is
contained. For simplicity, we choose this domain to be cylindrical and put

D= {(t.x) e IxR" Xl < r}, r=hO)1 +cy(0 - tp))

1.3
h(t) = lxgll + 7, (2 - 10) + 'Yzllo«jt — 1y, ¢ = exp[1(0 — 1)} (13)

Assertion 1. The inclusion Z(ty, xo) C D holds and the set D is defined by relation (1.3).

Proof. Suppose x( - ) is an arbitrary motion of system (1.1), which is generated by a certain control u( - ) € U.
The representation

t
X0 =x+ | (FOLHD)+BAXD) u(t)r, 1€l

o

holds.
By virtue of condition B, we have

t
Ol < a0+ | w)-x(ofdr, vy =7, tel

The functions x(¢), A(f), w(¢), ¢ € I in this inequality satisfy the conditions of Gronwall’s lemma {13, p. 219]. Using
this lemma and taking account of the fact that the function A(f) increases monotonically in I, we have

I} < h@)! +ci Yidv) < h(B)(1 +cy,(0-15)), tel (1.4)
fo

Since x( - ) is an arbitrary motion of system (1.1), we obtain that the assertion holds from (1.4).
Everywhere in the following arguments, we shall have in mind the cylinder (1.3) as the set D.

2. Suppose H € (0, «). We now introduce into consideration the set Uy of all controls u( - ) € U for
which

Wl =H, tel 2.1
The set of allx € R", at which the motions of system (1.1) which are generated by all possible controls

u( - ) e Uy arrive at the instant of time 0, is denoted by the symbol X(8; #y, o). We will find the upper
limit of the Hausdorff distance between the set X(8; 7o, xo) and Xy(6; #g, xo). We put

Ce = L,(O-—to)+L2(9—to)”2u°, ¢ =1+ c. explc.] (2.2)

Assertion 2. The Hausdorff distance a(X(8; tg, xo), Xy(0; to, x)) — 0 when H — « and, what is more,
the following inequality holds
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2
X (880, %0)s Xpg (1380, %0)) < 2Y3 “—};co, tel 2.3)

_ Proof. Suppose the arbitrary controls u( - ) € Uand u( - ) € Uy are chosen. They generate the motions x(t) and
x(t) of system (1.1) in I respectively which satisfy the inequality

t
k-5 < | [ x@)- f i)+ | B x() - Ber, Zipmcofds +
fo to

, (2.4)
+] B EHONu(®) - a(x)dr, tel
o
On taking account of condition A, we obtain from (2.4)
t
e <h()+ | y(e(tdr, tel (2.5)

o

ety =j)- O} vy =L + Lju)
W= | Bz ko - ol
‘o

We now make a certain correction with respect to the pair of controls u( - ), u( - ) and, in fact, we initially select
a control u( - ) € U, and, using this control, we form a control u( - ) e Uy

.o Jul), if jul<H y
u(')—{“(‘)lu(f)ﬂ"ﬂ. if fu]>H (2:6)

We assume that Q, = {1 € [t, #] : ||u(x)|| > H}. Then, [t;, PN : ||u(x)|| < H} and, according to (2.6),

[Ju(t) - u(x) || =0 when t € [t, )\
The inequality

1/2
hn)= | B i) fuv)-i(tfdr < [ | Bzl dt] x
2 , @7

1/2
‘{I Iu(t)-ﬁer)lzdt)
Q,

holds.
We also have the inequality

Hu@)= | humiPdis | lu@®iPdi+ | Nu)i® despd
Q, Q, [to.2]1\ 2,

from which it follows that p(Q) < pi/H% Here, u(QY) is the Lebesgue measure of the set Q. The inequality

h(e) < (YIR@NY (| Nu? dr)t 2 +( [ Nar? dot'?))<
o, Q,

<ym@) 2202 <2y /H, tel

then follow from this and from (2.7).
On taking account of the inequality

t ¢ t
[ Wt = [ (L + Ly Nu() dr < L(t-19)+ Ly(t = 10)'2(] Nu()2 dv)!/2 =
o o fo (2.8)

< L(0—19)+Lp(0-1)" 21y, 1€l
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we obtain from inequality (2.5), using Gronwall’s lemma

llo

e(t) = (1 +csexples)): 272 <212 co. tel (2.9)

The constants c. > 0, ¢y > 0 are defined by relations (2.2).

Thus, it has been shown that, for any control u( - ) € U which generates a motion x( - ) of system (1.1), a control
u( -) € Uy is found which generates the motion x( - ) which satisfies inequality (2.9). Since Uy C U, the fact that
the assertion holds from this and from (2.9).

3. Now, taking estimate (2.3) into consideration, we can reduce the problem of the approximate
calculation of the attainability set X(t; ¢, xg) to the problem of the approximate calculation of the
attainability set Xp(t; to, xo), t € I. The class Uy represents the set of controls which are limited by the
composite constraints (1.2) and (2.1).

Bearing in mind the approximate calculation of the attainability set Xp(z; £, x), we now try to narrow
down the class of controls Uy. This is accomplished in three stages: we initially narrow down the class
Uy to a certain class U 1 of piecewise-constant controls, we then narrow down the class U 1 to the class
U  of piecewise-constant controls u( - ), the norms ||u(¢)|| of the values u(¢) of which lie in a defined
uniform mesh and, finally, we narrow down the class ﬁH to the final class of controls Uy for
which not only the norms of the values of the controls but these values themselves in a local sense are
uniformly arranged in a certain mesh. Note that each subsequent class of controls is more convenient
in a certain sense for calculating the attainability sets which they generate. For instance, the final class
Uy is the most convenient for calculating the attainability sets. It generates a finite number of motions
of system (1.1).

Each time, on passing from one class of controls to the following narrower class of controls, we shall
show, using Gronwall’s lemma, that this following class of controls approximates the preceding class
of controls quite well, that is, the attainability sets corresponding to these classes are sufficiently close
to one another.

We now introduce into the treatment a subdivision I' = {f, t, . . ., ty = 0} of the interval I = [t,, 6]
such that henceforth

t,-+1-t,-=(0—to)/N=A; i=0,1,..,.N-1

We will now consider the class U, & of all possible piecewise-constant controls 4 ( - ) € Up, the intervals
of constancy of which are the half intervals I,= (i, ti+1) of the subdivision of I'. We will denote the
attainability set of system (1.1) which is generated by this class U and which corresponds to an instant
of time ¢t € I by Xy(t; #y, Xo) and assume that

K= (:E;xolf(t, | 3.1)
o(A) = (1 + K)A+ 7,182 (32)
o' A= 13" x")- Beea.x ) (33)
|f —n €A, ||x ~xe A

X(A) = 200" (ANO — 1) *}tg +27hoA 2

. (3.4)
(¢, x)eD, (t.,xx)eD, A=0
Assertion 3. The following inequality holds

o Xy (229, Xg), 1’?”(3‘;10,&)))s cox(4), tel 3.5

The constant ¢ > 0 is defined by relation (2.2).

Proof. Suppose u( - ) is an arbitrary control from Uy. We set the control u( - ), which is specified by the equality
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iey=L"T uwdn, tei; (36)
A Y

in correspondence to it.
It is obvious from the construction that

- biat
nﬁ(t)ns%v,.,sn, tel, v,.,,=! lu(t)" dt, n=1, 2
i

On taking account of the inequality Vi < AY2V}?, we obtain that A || u(¢) || < V. By virtue of the constancy
of the function #( - ) in the interval I;, the equality

w2 lim 2 -
A= | Ka()\ v, tel;
]
is satisfied whereupon we obtain the inequality
O e 2 2
| N dv< | hu(DU dvspg
o fo

This means that u( - ) e Uy,
Now, suppose x( - ) and x( - ) are the motions of system (1.1) which are generated in I by the controls u( - )
and u( - ), respectively. For these motions, the following equality is satisfied

!
I x(r) = 2(8) ll= f 1 f(x,x(T) - f(T. XN dt+ | W(B(T,x(T)-
fo

fo

~B(r. X(t))u(t) U dr+ 1l j B(, 2()Xu(t)~a(t)dell, tel

fo

By virtue of condition A, from this we obtain

e(ry<h(t)+ [W(eadr, tel

fo

e =x-20} wr) =L + Lo}

t
h(t)= lj B(t, X(%))- (u(%) - ﬁ(t»ai
0

(.7

We shall now obtain some estimates for the subsequent proof. The inequalities
T 1 T
(HOES (2 )|<lj (f(s,%(s)+ B(s, i(s»ﬁ(»wlqlf(s.i(snldu 1B, 3] - Jacs)hds=<
1 4] 14
T % -
<K(t—ti)+12(1-ri)5[]||2(3)|24:] <KA+72AK;10, tel;

4

follow from condition B and notation (3.1).
By virtue of the notation of (3.2), from here we obtain

k-tl=e(a), i) -ief<ea), tei; (3.8)

Hence, in the notation of (3.3), it follows that

|B(r.5(0) - B S )fso" (@A), tel; (3.9)
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Having obtained the required relations, we now estimate the magnitude of A(t) from equality (3.7). For ¢ € 1 ks
the following inequality is satisfied

woy<l | Y(r)ml lf mw} tel, Y()=B(ti()-(u() - i) (3.10)

By virtue of inequality (3.9), the estimate for the first integral

—1[i+1 k=1[fi+i
[I Y(t)¢!|< p) II Y(whl J(B(x, 2(1) = B(s;. 3(5; )))(u(t)—ﬁ(t))dr|<
° f (3.11)

sz _[o) @A +faPdrso” (9A)- 20 - 1) pq

i=0 [ 1]

is true.
For the second integral, we obtain

t t .
lj Y(x) jy,(lu(r)|-|ﬁ(t)|)dt<272A”po, tel, (3.12)
& 3

Then, using relations (3.11) and (3.12), from inequality (3.10) we obtain the estimate
h(6y<20" (AN -10) 21 +2Y2100%, el
On applying Gronwall’s lemma to inequality (3.7), we obtain
e()=(1+cs explcs Nx(A) = cox(A), (3.13)

The copstants ¢« > 0, ¢y > 0 are defined by relation (2.2), and »(A) > 0 is defined by relation (3.4).
Since Uy C Uy, the validity of the assertion follows from relation (3.13).

4. We now introduce the subdivision I'* = {yg = 0, y,, . . . , yg = H?} of the interval [0, Hz] such
that

Yisu-yj=H*IR=4"; j=0,,.,R-1

The class of all possible controls u(- ) UH, for which the values y(t) = ILu(t) || t e I are contained
in the set I'*, is denoted by UH Hence, the condition ||u(f) || = const, ? € I, is satisfied for any control
u( -) € Uy. What is more, || u(t) ||2 = ¥;» Where y; is a certain value from I'*. Here and henceforth
i=01...,N-1

The attainability set of system (1.1) which is generated by this class and which corresponds to the
instant of ¢ € I is denoted by Xy(t; to, x)-

Assertion 4. The following inequality holds
@Ry (500 %0),  Xn(E:te,x0)ySco¥, VA (@—tp), tel (4.1)
The constant ¢y > 0 is defined by relation (2.2).

Proof. Suppose i ( - ) is an arbitrary control from Uy. Then, i(f) = i; = const when? € I .

We shall put
u(t) mu I-l 'S

where v, are the points of the subdmsmn I'* such that || u; ||* € [y, Yi.)- It is obvious that
[ u(t) || =y, < [l |12 = 1] u(®)}|* for all ¢ el Consequently
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9 2 0. 9 )
f (t)| dt < [Ja(e)f" dr < pg
Iy o

Hence we have proved that i( - ) e Uy.
The following relation is satisfied

Wi —a ON=N; -y, < vjm =y <VB* te], (4.2)

Now, suppose x x (t) and X(f), ¢ e I are two motions of system (1.1) which are generated by the controls
u (1), respectively. The equality

£ - x(0) = I (5, 5() - Fv 2O + I (B(t, %(1)) -

to

—B(t, X(O)i(tdt + I B(t, x(D)i() - u(t)dt, el

Y

is true or, according to condition 4

e(y<h(t)+ }\V(‘t)e(‘t)d‘t, tel (4.3)

fo

&(t) = Ii(: - Jvc(:)l. v() =L + Lo
ne = fIBe, ;(r))l-lﬁ(x) - Z(c)ldr
o

The estimate

hey<y, VA ©-15), tel

is true for the function 4(¢) by virtue of condition B and inequality (4.2).
Then, on applying Gronwall’s lemma to inequality (4.3), we obtain

eltycot, VA 0-10), rel 4.4)

The constant ¢y > 0 is defined by relation (2.2).
Since the inclusion Uy C Uy is true, the validity of the assertion follows from relation (4.4).

5.Suppose § = {u e R": | |u]| = 1} is a unit sphere of the space R". We define a 5-mesh of the sphere
S for a certain specified 8 > 0 as £ = {sq, 51, ..., 5}

We now introduce the class Uy of all possible controls u(-)e UH which are such that they satisfy
the relation

u)=.ly; s, te i,., Vi; er’, s, €8 5.1
in each interval },- of the subdivision I'.
The inequality
A‘E‘B ¥, <M. ¥; €[0,H?] (5.2)
is then true.

The attainability set of system (1.1), which is determined by the class of controls U 1, is denoted by
XH(t to, Xo)-

Assertion 5. The following inequality holds
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X H(titg,250)s  Kpg(Bitgr o) VSCoY2(@—10)HO, tel (53)
The constant ¢y > 0 is defined by relation (2.2).

Proof. By virtue of the definition of the §-mesh, the control u ()e Uy, which satisfies the inequality
IZ(:)-&(:)'ss Y. tel; (5.4)

is found for any control u (e Uy. . _
Suppose x(#) and x(f) are the motions of system (1.1) which generate the controls u(f) and u(t)

respectively. Then, the following inequality is satisfied

v ! t v
XD—E1)= [(f(5.x(V) - FTEDNdT+ [(BTM(D)-

o fo
v 14 v
—B(t.3(t)u(t)dr+ [ BT, (D) u(t)-a(t)dt, 1€l
fo

By virtue of condition A, we therefore obtain

t
e()=h(t)+ [w(ve()dr, tel
K (5.5)

v v 4 v .
e()= lx(:) - )'c(t)i. win=L+ Lzlu(T)H, h(n)= | IB(T.E(t))l'lu(T) - u(1+1
to

By virtue of condition B and inequality (5.4), the estimate

tiy v k -
h(t)s}'i f‘ IB(x,i(t))l. (t)-&(t)'dcs_zohAM 3<y,(0—1p)HS, 1€l

i=0 4
holds for the function A(r).
Then, on applying Gronwall’s lemma to inequality (5.5), we obtain the estimate
£(r)=cgY2(0—-19)HS, tel (5.6)

The constant ¢y > 0 is defined by relation (2.2).
Since Uy C Uy, the validity of the assertion follows from relation (5.6).

6. We will now discuss the problem of the approximate calculation of the attainability set X, 1(8;
to, Xp). All the argument and the estimates which will be obtained hold for the general case Xy(t; £, xo),
tel

T
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We shall make the Euler broken line
2(0) = 2(t; )+ (¢ = 1;)(F . 20 ) + B, 20, D)), 2(8p) = X(tg)=x9, te i,' (6.1)

correspond to any motion x ( - ) of system (1.1) which is generated by a control u( - ) € Uy,.
_ The set of values of 2(0) of the Euler broken lines z( - ) which are generated by all possible controls
u( - ) € Uy is denoted by Z(6; g, xg).

Note that the values of z(0) of the Euler broken lines (6.1) can be calculated using the recurrence
formula

2ti0) = 26) + ALFC, 200) + B 28005, 5]

6.2)
z(tg)=xp, Yj; € r’, s, €2
We now introduce the notation
K'A)= max ", x")= f(ts,x,
@ It' ~te|<A, |x' -x.|<AIf i‘ (6.3)
£ (8) =K' (@A) + Ha'(9(4), &(A)=AE'(A) (6.4)
L=L +HL,, &=(8—15)exp[L(®—1,)]
’ (6.5)
¢'.x")eD, (t,x.)eD, A0
The functions w*(A), ¢(A) are defined by relations (3.2) and (3.3), respectively.
Assertion 6. The following inequality holds
UKy Bitg. Xo)s  Z(Bito, xg)Y<EE"(A) (6.6)

Proof. The inequality
t n . - .
6= } |f x5 w) - £to. ito De + [B(T.5(1) - Bltg, (6o (oo e
0 fo

holds for &, = || x(t;) - z(¢1) ||. Hence, taking account of the fact that u(ty) = V(y;) € I'*, s, € E and using arguments
which are analogous to those used in obtaining inequalities (3.8) and (3.9), it can be shown that £, < AE*(A).
For g; = || x(#;) — 2(2,) ||, the following estimate is true

n
ey <) - 20+ [ (30N - £, 50 i+
4
n . . oo
+f |(B(t. ) - B, He )Ny, 51 Irh + Jlr, 2 ) - £, 20 e +
1] n

+TfeBe 500~ Bty 5, et a1+ a)+ ALY + AL HE ()<
h

=E(A)exp[LA+E(A)
Similarly, the estimate

&3 <E(A)exp[L(A + A)]+E(A))exp[LA]+E(A)

holds for €3 = || X(t5) - z(t3) ||. _
Finally for ey = || X(tn) — 2(tn) || = || X(8) - 2(8) ||, we obtain
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N-1 .
en<explLO-10)] 3. &(A)='(A) 6.7)

Since the class of controls U 1 consists of piecewise-constant functions of the form (5.1), the validity of the assertion
follows from relation (6.7).

7. The validity of the following theorem follows from Assertions 2-6.
Theorem. The following estimate holds
(X (8itg, X0),  Z(8;1g, Xq)YS2¢yY 13 / H +cox(A) +
+eoY2 (0=t WA +cyY,(6 - 1,)H3 + CE*(A)

The constants ¢y > 0, x(A) > 0, £*(A) > 0 and ¢ > 0 are defined by relations (2.2), (3.4), (6.4) and
(6.5), respectively.

(1.1)

Corollary. For any £ > 0, which may be as small as desired, it is possible to choose the numbers
H>0,A>0,A* > 0,5 > 0such that the following inequality is satisfied

o X(8;29,%0), Z(O:t9; xg))<e
Note that, if system (1.1) is autonomous, that is, it has the form
x(8) = f(x(£))+ B(x(t))u
then 0*(A) = LA, K*(A) = LA, £*(A) = LA and the estimate (7.1) takes the form
O(X(@itg, %g),  Z(Bitg, Xg))S2yYol3 / H +col2Ly@(ANO — 1) g + 27,1000 ] +
+Co¥2(8— 1o VA" +coY,(8—£9)HE ~ ELa(A)
The constants @(A), L > 0 are defined by relations (3.2) and (6.5), respectively.
Example. Suppose the behaviour of a control system is described by the differential equation
x =%cos100w/lyl +0,1y, x(0)=0
(1.2)
y =-;—c03100x+0,lu2, ¥y(0)=0

where t € [0; 0.07] and the controlling action u = (u;, u;) € R? is limited by the integral constraint

0.07 2 0.07 2 2 2 1
[ W@l dt=| (@) +u,(8)*t=p} = n
0 o
The attainability set of control system (7.2) at the instant of time © = 0.07 is shown in Fig. 1.

This research was supported financially by the Russian Foundation for Basic Research (96-01-00219
and 96-15-96245).
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